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Introduction
The phase space of a relativistic system can be identified with the future tube of complexified Minkowski space. A Hilbert space of square-integrable
holomorphic functions can be constructed on the relativistic phase space, upon which a quantum measurement theory of spacetime phase-space events can
be formulated. This Hilbert space of holomorphic functions can alternatively be interpreted as the Husimi (Fushimi) representation of relativistic quantum
theory. A transformation analogous to that of Bargmann can then be worked out, leading to a new formulation of relativistic quantum theory in which the
coherent states associated with the conformal group play an important role.

Phase space in relativistic mechanics
The phase space of a relativistic
system is identified with the future
tube Γ of complexified Minkowski
space CM, which is a submanifold
of CM described by points of the
form za = xa − ira where ra is
timelike and future pointing. The
Kelvin transform [1] relates ra to
the momentum pa by

ra =
ℏ pa

pcpc, pa =
ℏ ra

rcrc
. (1)

This induces a positive definite metric and its inverse

gab = −
1

rcrc

(
ηab −

2 rarb

rcrc

)
, kab = −rcrc

(
ηab −

2 rarb

rcrc

)
(2)

on Γ, where ηµν = diag(1,−1,−1,−1), and Hamilton’s equations are

dxa

ds
= −gab∂H

∂rb ,
dra

ds
= kab∂H

∂xb. (3)

Phase-space localization
On phase space, no wave function can be sharply peaked. In particular, the
maximum value that a squared wave function can take is given by

max
z∈Γ

ρ(z, z̄) =
3

4π4o8
z
, (8)

where oz is the reduced Compton wavelength associated to the phase-space
point z at which the maximum occurs.

Conformal transformations
The action of a Poincaré transformation on z ∈ Γ is given by

za → Λa
bzb + Ba, (9)

where Λa
b gives a Lorentz transform and Ba denotes a real four vector. The

unitary representation of the Poincaré group acting onH is given by

U(z, w̄) = K(Λa
bzb + Ba, w̄a), (10)

where K is the Bergman kernel. More generally, the Bergman kernel can
be used to describe the full 15-parameter conformal group overH of which
the Poincaré group is a proper subgroup [1].

Coherent states
The coherent state centred at w ∈ Γ, more specifically, is

Ψw(z) =
8
√

3
π2

[ηab(wa − w̄a)(wb − w̄b)]2

[ηab(za − w̄a)(zb − w̄b)]4 . (11)

The action of the conformal group onH leaves the space of coherent states
invariant.

Relativistic quantum mechanics
The space H = L2(Γ,O) of square integrable holomorphic functions on
the future tube can be viewed as the Hilbert space of quantum states on
the phase space [1]. A general quantum state with density matrix ρ(z, w̄) is
defined to have the following properties:

1. ρ(z, w̄) is Hermitian, i.e. ρ(z, w̄) = ρ̄(w̄, z).

2. ρ(z, w̄) is positive, that is"
Ψ̄(z̄) ρ(z, w̄)Ψ(w) dµz dµw ≥ 0, (4)

for any Ψ(z) ∈ H , where dµz is Leb(Γ). The integrals each range over Γ.

3. ρ(z, w̄) has unit trace, that is"
K(z, w̄) ρ(w, z̄) dµw dµz =

∫
ρ(z, z̄) dµz = 1, (5)

where K(z, w̄) is the reproducing kernel (Bergman kernel) onH [2]. A pure
state is a density matrix of the form ρ(z, w̄) = Ψ(z)Ψ̄(w̄).

Quantum measurement
To make sense of quantum detection we define a positive operator valued
measure (POVM) on Γ by setting

ϕA(z, w̄) =
∫

u∈A
K(z, ū)K(u, w̄) dµu, (6)

where A is any element of the Borel σ-algebra on Γ. The probability that
an event lies in this set is given by

Prob(A) =
"
Γ

ϕA(z, w̄) ρ(w, z̄) dµw dµz =

∫
z∈A

ρ(z, z̄) dµz. (7)

If the measurement outcome is the phase-space point w, then the output
state is the coherent state Ψw(z) = [K(w, w̄)]−1/2K(z, w̄).

Husimi representation
We can identify H as a Husimi representation of relativistic quantum me-
chanics; that is to say, the elements of H are the Bargmann transforms [3]
of the elements of L2(V+), where V+ is a forward light cone. We con-
struct a Bargmann transform between H and L2(V+). Using the inverse
Bargmann transform A(q, z̄) we can show that the associated coherent state
ψw(q) ∈ L2(V+) is given by

ψw(q) =
∫

A(q, z̄)Ψw(z) dµz =
1

π
√

264!

((w − w̄)2

w2 w̄2

)2
exp
(
−

iqaw̄a

w̄bw̄b

)
. (12)

Thus, a coherent state associated to the conformal group on V+ is a plane
wave that is exponentially damped into the future orientation.

Figure 2: Probability densities of coherent states in 0+ 1 and 1+ 1 dimensions.
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